Abstract. We will compute explicitly the Castelnuovo-Mumford regularity and the reduction number of coordinate rings of smooth projective monomial curves in P 5 . Moreover we will show that these numbers are equal.
Introduction
Let K be a field and A := {0, a 1 In Section 3 we will compute explicitly the Castelnuovo-Mumford regularity regK [A] and the reduction number r(K[A]) (see Definition 2.9) of smooth projective monomial curves in As we see, it comes down to a pure combinatorial problem.
Definition 2.1. Let X be a nonempty finite subset of N. We setx := min X and
and its length is #L. By Λ X we denote the set of gaps of X. The number λ(X) := max L∈Λ X #L is defined as the length of a longest gap of X. We say that X is full if G X = ∅, i.e., if X is an interval.
For instance A = {0, 1, 5, 9, 10} has two gaps, i.e. { [2, 4] 
Note that κ t is an order-reversing bijection respecting intervals with κ
As we see for smooth projective monomial curves, ≥ 1. 
Notation 2.5. We setÂ := κ α (A) and
Letting m ∈ N + , i ∈ N with i ≤ mα, we define g Definition 2.7. We define G mA P := μ m (G mA ). A subset of G mA P is called a gap of mA P if it is of the form μ m (L) with a gap L of mA. We say that mA P is full if G mA P = ∅ and we define reg(A P ) := min {m ∈ N + | mA P is full}.
Proof. (i) We have κ mα (mA) = mκ α (A). Now (i) follows by the fact that κ mα is bijective and κ mα ([u, v] 
(iii) By Definition 2.7 we have reg(A) = reg(A P ), and now (iii) follows from (ii). 
Proof. Suppose on the contrary that
In each of these cases we shall lead to a contradiction.
In this case, since L is a gap of ((m + 1)A) i+1 we get by Remark 2.4 that Proof. Using Lemma 2.12 by induction on p ∈ N one can show that
Hence we get the assertion for p = t. The case p = t−1 + 1 follows from (1)
As a direct result, regK[A] is also bounded by λ(A) + 1.
It is known that the bound of [4, Theorem 2.7] is sharp for smooth projective monomial curves in P d+1 for d = 2, 3 (see [4, Section 3] ). Now we will establish two basic combinatorial lemmas which will be useful to prove Theorem 3.1. 
Lemma 2.16. If
and we get (
Therefore β 2 ≥ m and hence a 2 m − 1 Proof. We will now show that λ((mA) 1 ) ≤ a 2 − 2 and we are done by Lemma 2.13.
Fixing one i, we will show that there cannot be a bigger gap than a 2 − 2 between a i and a i+1 in (mA) 1 and therefore λ((mA) 1 
One can check that the distances between these intervals are smaller than or equal to a 2 − 1; i.e., the length of every gap until a i + (m − 1)a 2 for j = 1 is smaller than or equal to a 2 − 2. If a i+1 ≤ a i + (m − 1)a 2 , we are done. Let us assume a i + (m − 1)a 2 < a i+1 . Then we have to show that the distance between these numbers is smaller than or equal to a 2 − 1, but this is clear by (6):
Smooth projective monomial curves in P 5
In this section we assume that (
Proof. We will only prove (i). Then Proof. By Lemma 2.17 we have the first assertion and by symmetry we get that
By (10) this is equivalent to (xÂ) x+1−x , . . . , (xÂ) x+1−n being full, and therefore
are full by Lemma 2.8.
We will now show that (xA) ψ is full for b ≤ ψ ≤ n − 1, since our goal is to prove that xA is full. Without loss of generality we therefore may assume that b ≤ n − 1. First of all we will give a construction of two intervals contained in xA; after this we will show that there cannot be a natural number between these intervals and therefore (xA) ψ have to be full.
We will take an element b 
